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5 1. We consider the equation 
(1) (x+ l)***(x+k)=(y+ l)***(y+mk) 
in integers x10, ~10, kr2 and m > 1. It is obtained from equation (2) of [5] 
by setting a = b = 1 and I= (m - 1)k. We refer to [5] for a survey of results on 
this more general equation. From now onward, we understand that xz 0, yr 0, 
kr 2, m 11 are integers and y’ = max(y, 3). Further, we always suppose that 
m 2 2, since equation (1) with m = 1 implies that x =y. If m = 2, the authors [5] 
solved completely equation (1) by showing that x= 7, y = 0, k= 3 is the only 
solution of (1) in integers xr0, yz0 and kr 2. Further, the authors [6] showed 
that equation (1) with m = 3,4 has no solution in integers x20, yz 0 and kz 2. 
In this paper, we prove 
THEOREM 1. The equation (1) implies that max(x, y, k) is bounded by an 
effectively computable number depending only on m. 
Before we state our next result, we introduce some notation. We write 
(2) (z+ l)...(z+mk)= 5 Aj(m,k)zmkPj. 
j=O 
Further, we determine rational numbers 
(3) Bj= Bj(m, k) with 15 jl m, 
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depending only on j, m and k such that 
(4) (P+Brz”‘+l+ 0.. + B,,,)k= “c” Hj(m, k)zmk-’ 
j=O 
satisfies 
(5) Hj(m,k)=Aj(m,k) for Oljsrn. 
We observe that 
(6) , > H.(m k)= ‘f k! 
io! .a* i,! 
Bfl...B$ for Olj<mk 
where the sum C (‘) is taken over all (m + 1)-tuples (iO, . . . , i,,,) of non-negative 
integers satisfying 
i0 + . ..+i.=k, i,+2i,+...+mi,=j. 
Further, we combine (5) and (6) to conclude that 
(7) 
(A, k! 
kBj=Aj(m, k)- C 
iO!...ij_l! 
Bil..+B]:i for lsjzzm 
where the sum C’(j) is taken over all j-tuples (iO, . . . , $_ 1) of non-negative in- 
tegers satisfying 
(8) io+***+ij_1=k, i,+2&+***+(j-l)ij_,=j. 
The proof of Theorem 1 depends on the following result where we allow m to 
satisfy (9). 
THEOREM 2. There exist effectively computable absolute constants C and C, 
such that equation (1) with 
(9) m 5 C(log y/)2/3 
implies that either 
(10) max(x, y, k) I C, 
or 
k+l 
(11) x=~~+B~~~-~+...+B,-- 
2 - 
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$2. In this section, we prove lemmas for the proof of Theorem 2. First, we 
mention (see 161, p. 6) that 
(12) Ai(m, k)((mk+ 1)2i/2jj! for Osjsmk. 
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Also, we refer to [2, p. 1691 for 
(1) 
(13) 
1 .I/2 
c’ 1 SC” 
where c>4 is an effectively computable absolute constant. By (7), we observe 
that Bj is a polynomial in k with rational functions in m andj as coefficients. 
We think that Bj is a polynomial of degree j in k with the leading coefficient 
positive. We prove the following estimate on Bj. 
LEMMA 1. We have 
(14) klBjl sc2j3’*(mk+ 1)2’for 1 rjsm. 
PROOF. We prove by induction on j. If j = 1, we observe that A, (m, k) = 
mk(mk+ 1)/2, I’(‘) 1 =0 and the assertion follows from (7). Thus, we may 
assume that j> 1. We observe from (7) that 
(13 
(i) k! 
klBJl sAj(m,k)+ C’ . 
lo * I . . . j,_,! 
IB, Ii’... 1Bj-l I’~‘, 
By induction hypothesis and (8), we derive that 
IB, I& . . . lBj_i I’i~l~c2j(i-1)“2(mk+ 1)2j,@l+“‘+‘,~I). 
Further, we observe from (8) that 
k! 
s~ski'+~"+'/_'_ 
io!--.ij_,! i, ! 
Therefore, we conclude from (13) that the sum on the right hand side of (15) 
does not exceed 
(16) $- i)“*(mk + 1)2j ff 1 I C2j3’z(mk+ l)U/2, 
since c>4 and 2j(j- 1)“2++j1’2<2j3’2-+. Finally, we combine (15), (12) 
and (16) to conclude (14). cl 
Now, we apply Lemma 1 to estimate Hj(m, k). 
LEMMA 2. There exists an effectively computable absolute constant c, such 
that 
(17) jHj(m,k)l sc[fi(mk+ 1)2jfor Osjsmk. 
PROOF. In view of (5) and (12), we may assume that 
(18) j>m. 
We write 
(19) g(z)=(zm+B1zm-l+...+B,)k 
81 
and r denotes a circle centred at origin of radius c ‘fi(mk+ l)*. For ZET, we 
derive from (19), (14) and B, =m(mk+ 1)/2 that 
(20) ,&)I 5 lz/““(l+ ;)*. 
Further, we apply Cauchy Residue Theorem to (4) for deriving 
(21) h;W9k)=& 5 $$$& dz for Osjsmk. 
r 
By (21) and (20), 
IHj(m,k)I sc*jfi(mk+ l)*j 
which, together with (18), implies (17). 
LEMMA 3. We have 
(22) k2jP1BjEZ for lljlm 
and 
(23) kZJ-‘Hj(m,k)EZ for lsjlmk. 
PROOF. First, we prove (22) by induction on j. If j= 1, the assertion follows 
immediately from (7). For j> 1, we derive from induction hypothesis, (8) and 
i,+..-+ij_,r2 that 
(24) 
k2j-2 9 k! 
io! . ..‘j_.! 
Bf’...B~~i Ed. 
Now, we combine (7) and (24) to conclude (22). Finally, we derive (23) from 
(6) and (22). 0 
LEMMA 4. There exists an effectively computable absolute constant c2such 
that (1) implies that 
(25) kl c2 log( y + mk). 
PROOF. By (56), (54), (53) and (50) of [6], we derive that 
(26) mklc310gx 
where c, is an effectively computable absolute constant. Further, by (l), 
(27) xks(y+mk)“‘k. 
Finally, we combine (27) and (26) to conclude (25). 0 
We write 
(28) F(x,k)=(x+ l).--(x+k), F(y,m,k)=(y+ l)...(y+mk) 
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and 
(29) A=A(y,m,k)=y”+B,y”-‘+ ***+B,. 
Then, we prove 
LEMMA 5. There exist effectively computable absolute constants c, and c5 
such that (1) with yr c, and 
(30) m 5 c5 (log Y’)~‘~ 
implies that 
(31) F(y,m,k)<(A +(4k2m-1)-1)k, 
(32) F(y, m, k) > (/1 - (2k2+ l)-‘)k 
and 
(33) 
k+l 
----(4k 
2 
PROOF. Let & = (32 log(c, + 1))-2’3. We denote by c6, c7, c8 effectively com- 
putable positive absolute constants and we suppose that cg is sufficiently large. 
We may assume (1) with yr cg and 
(34) m 5 e(log Y)~‘~. 
First, we suppose that 
(35) (A + (4k 2m-1)P1)k<F(y,m,k). 
By (29), B, =m(mk+ 1)/2, (14), (25) and (34), we observe that A zym. 
Therefore 
(36) (A + (4k 2m~l)-l)k_/lklk(4k2m-l)-lymk~m~ 
Also, by W, (21, (4) and (5) 
(37) F(y,m,k)-/lkl F (Aj(m,k)+ IHj(m,k)l)y”k-j. 
/=,,I+1 
By subtracting Ak on both the sides of (35), we see from (36) and (37) that 
(38) k(4k 2m~l~~lymk-m~ F (Aj(m,k)+ IHj(m,k)l)ymkP’. 
j=m+l 
By (12) and (17), we observe that 
Aj(m, k) + IHj(m, k)ls (cl + 
Therefore, we derive from (34) and 
not exceed 
l)jfi(mk+ 1)2j. 
(25) that the right hand side of (38) does 
qc, + l)‘m+‘)fi(mk+ 1)2(m+‘)ymk-m-‘lymk-m-i. 
Now, it follows from (38), (34) and (25) that ylc,. This proves (31). 
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Suppose F(y, m, k) 5 (A - (2k2’+ l)-‘)k. We argue, as above, to obtain 
(39) k(2k 
2m-l)-lymk-m5 
F IHj(m, k)lvmk-j. 
j=m+l 
Finally, we observe that (39) implies (38) to conclude y< c,. 
Let 
k+l 
F(x,k)s x+ - 
2 
-(4k 
Then, we derive from (28) and (25) that 
k(4k 2m4ylXk-l__2 (;)(y)2xkp2 
which, together with (25) and (34), implies that y<x5cg. 0 
$3. PROOF OF THEOREM 2. We suppose that (1) and (30) are satisfied. Fur- 
ther, we may assume that yr c4, otherwise (10) follows from (25), (30) and (1). 
Now, we apply lemma 5 to obtain (31), (32) and (33). Also, we apply arithmetic- 
geometric mean to the left hand side of (1) for obtaining from (28) that 
(40) F(x,k)<(x+F)x. 
We combine (l), (28), (33) and (31) to derive that 
k+l 
X+p 
2 
-/l<(2k2’+‘)-‘. 
Similarly, by (1), (28), (40) and (32), 
k+l 
x+p 
2 
-/l> -(2k2m-1)p1. 
Thus 
k+l 
(41) X+ 2 -/1 <(2k2”-I)-‘. 
On the other hand, we observe from (29) and (22) that the left hand side of (41) 
is a rational number with denominator not exceeding 2k2m-1. Thus, it is either 
zero or at least (2k 2m-1)-1. Hence, it is equal to zero and we conclude (11) 
from (29). cl 
$4. This section contains four lemmas that we shall use for the proof of 
Theorem 1. First, we substitute (11) in (1) to derive the following result. 
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LEMMA 6. There exists an effectively computable number cg depending only 
on m such that equation (1) with max(x, y, k) > cg implies that 
(42) Hj(m, k)=A,(m, k) for O<j<2m 
and 
(43) H2m(m,k)-A,,(m,k)= k(k-:Fil). 
PROOF. We denote by c,~, . . . . c,~ effectively computable positive numbers 
depending only on m. By (25), we may assume that yr cl0 with cl0 sufficiently 
large. Now, we apply Theorem 2 to conclude (11) which, by (29), is written as 
k+l 
x=A+f andf=-P 
2 . 
Then, we write the left hand side of (1) as 
(44) (A+f+l)~~~(A+f+k)=Ak+a,(f,k)Ak~l+~~~+ak(f,k) 
where 
(45) a;(.Lk)=(:)f’+(:I:) f’-‘A,(l,k)+.**+Ai(l,k) 
and Aj(l, k) are given by 
(z-t- l)...(z+k)= ;: Aj(l,k)zk-j. 
J=o 
We observe that 
(46) 
I 
A,(l,k)=(;)(y), AZ&k)=(;) (k+1)l(;k+2), 
Aj(l,k)<(;)(y] for l<jlk. 
By (45) and (46), 
(47) Ia,(f,k)l<k*‘+’ for Isilk. 
Furthermore, we calculate 
(48) at(Ak)=O 
and 
(49) a2(f, k) = - 
k(k- l)(k+ 1) 
24 * 
By substituting (29) in (44) and applying (48), we write the left hand side of (1) 
as 
(50) y q(m, k) ymkPj 
J=o 
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where 
(51) q(m, k) = 
I 
Hj(m, k) for Osj<2m 
Hj(m,k)+a,(f;k)Hjp2m(m,k-2)+***+ah(J;k) 
XHj-h,,,(m,k-h) for hmsj<(h+l)m,2sh<k 
B~+a,(f;k)B~~-2+...+ak_l(J;k)B,+ak(f,k) 
for j=mk 
By (51), (17), (14) and (47), we derive that 
(52) 17;(m, k) 1 I (cl I (mk + 1))” for 0 1j5 mk. 
By (51) and (5), we have 
(53) Tj(m,k)=Aj(m,k) for Osjsm. 
Now, we show that 
(54) q(m,k)=Aj(m,k) for m<j<2m. 
We prove by contradiction. Let j, be the least j with m < j<2m such that 
ri(m, k) #Aj,(m, k). Then, we see from (51) and (23) that 
(55) ITj,(m,k)-Ajo(m,k)I>k-2j0+1. 
Further, we observe from (l), (2), (50) and (55) that 
mk 
k-2j"+ 1 mk -h ( 
Y - C (Aj(m,k)+ lTj(m,k)I)~~~~j 
j=j,+ 1 
which, by (12), (52) and (25), implies that 
(56) ysc,2k8m-3. 
Finally, we combine (56) and (25) to conclude that ye ct3. This completes the 
proof of (54). Next, we combine (53), (54) and (51) to derive that 
(57) Hj(m,k)=Aj(m,k) for Osj<2m. 
Suppose that T2m(m, k)#A,,(m, k). By (51), (23) and (45), 
fT2m(m,k)-A2m(m,k)Iz fkl”“. 
Now, we proceed as above to conclude that ye cr4. Consequently, 
T2, (m k) = A,, (m, k) 
which, together with (51) and (49), implies that 
(58) HZ,,, (m, k) -A,, (m, k) = 
k(k - l)(k + 1) 
24 ’ 
q 
Glesser (see [6, Appendix]) has checked that (42) is not satisfied for 2 <m 5 13. 
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For m>2 and k exceeding a sufficiently large number depending only on m, 
Balasubramanian proved that (42) is never valid. 
LEMMA 7. Let m> 2. There exists an effectively computable number cl5 
depending only on m and an integer q with m < q< 2m such that 
(59) H,(m,k)fA,(m,k) for klc,,. 
PROOF. This follows immediately from Corollary A of the Appendix. q 
We conjecture that (59) can be sharpened considerably. More precisely, we 
believe that for every j with m<j<mk, there is an effectively computable 
number cl,>0 depending only on j such that Hj(m, k) -AJm, k) =0 for 
m=O (mod2), j=m+ 1 and 
1 
c16k2j-m~1 for mEO(mod2) and j>m+ 1. 
Hj(m, k) - Aj(m, k) L 
c,,k*j-“’ for m = 1 (mod 2) 
Next, we state the following result of Brauer and Ehrlich [l] on a criterion 
for the irreducibility of polynomials. 
LEMMA 8. Let P(X) be a polynomial of degree n with integer coefficients. 
Assume that xl, . . . . x, are distinct integers different from the zeros of P such 
that 
,rv?Zn IP( < 
(n - l)! 
max 
2’“-“[(n-2)/2]! * 
Then P(X) is irreducible over the field of rational numbers. 
Finally, we derive from Theorem 2 and Lemma 8 that the assertion of 
Theorem 1 is valid whenever k is fixed. 
LEMMA 9. The equation (1) implies that max(x, y) is bounded by an effec- 
tively computable number depending only on m and k. 
PROOF. By (l), we may assume that y exceeds a sufficiently large effectively 
computable number depending only on m and k. As already mentioned in $1, 
equation (1) with m = 2 has been solved completely. Thus, we may assume that 
mz3. Alternatively, it is easy to calculate from (2), (3), (4) and (5) that 
H4(2, k) - Aq(2, k) = (4k’ - 5k3 + k)/90 
which contradicts (43) with m = 2. We write 
L(X, Y)=(X+l)...(X+k)-(Y+l)...(Y+mk) 
and 
k+l 
Ym+BIYm-l+...+B,---,Y. 
2 > 
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By Theorem 2, we conclude that I(y)=O. Consequently, we derive that 
(60) I(Y)EO. 
Then 
k+l 
Ym+B,Ym-‘+...+B,-- 
2 
x(Xk-l+R,(Y)Xk-2+*-+Rk_l(Y)) 
where R,(Y) E Q$[ Y]. By equating the terms independent of X in this factor- 
isation, we observe that the polynomial 
P(Y)=:(Y+ I)...(Y+mk)-k! 
is reducible over Q. Now, we apply Lemma 8 with n =mk and x,=-v for 
1~ v I mk to conclude that 
(61) k!r 
(mk - I)! 
2 mkP1[(mk-2)/2]!. 
It is easy to check that the right hand side of (61) is an increasing function of 
m and the inequality (61) with m = 4 is not valid. Consequently, we derive that 
m = 3. Furthermore, the inequality (61) with m = 3 implies that k = 2. Hence, we 
look at the constant term of l(Y) to conclude from (60) that 
Bf(3,2) - + = fj! 
which is not possible, since B, (3,2) is a rational number. q 
$5. PROOF OF THEOREM 1. We denote by ct,, c,s and cl9 effectively 
computable positive numbers depending only on m. By (25) and (l), we may 
assume that yzc,, with cl7 sufficiently large. As in the proof of Lemma 9, we 
may also suppose that m > 2. Then, we derive from (42) and (59) that ks clg. 
Now, we apply Lemma 9 to conclude that max(x,y)5c19. 0 
APPENDIX by R. Balasubramanian 
Let m>2 and k22 be integers. We write 
rrj(m,k)= C nj, j=l,2 ,.... 
Isnsmk 
We define a sequence { bn}rz 1 of integers given by 
(A. 1) 6r=l, bj=j(bl+ . ..+bj_.+l), j=2,3,.... 
Let Aj=Aj(m,X), Bj(m,X) and Hj= Hj(m,X) be polynomials obtained by 
changing k to X in Aj(m, k), Bj= Bj(m, k) and Hj(m, k) given by (2), (3), (4) 
and (5). We prove 
THEOREM A. If q>m and q+ 1 is a prime number, then 
64.2) H,(m, Xl +A,@, Xh 
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We apply Theorem A with q =p - 1 where p is a prime number satisfying 
m + 1 <p< 2m to derive from Theorem A the following result. 
COROLLARY A. There exists an integer q with m<q< 2m satisfying (A.2). 
The proof of Theorem A depends on the following lemmas. 
LEMMA A.1. For every integer jr 1, (j + l)! nj(m, k) is a polynomial in k with 
integer coefficients having no constant term. The leading term of the 
polynomial is j!(mk)j’ ‘. 
PROOF. See [3, p. 1481. 
LEMMA A.2. For every integer j2 1, ((j+ l)!)bAj(m, X) is a polynomial in 
X with integer coefficients and with no constant term. 
PROOF. We write nj = nj(m, X) for the polynomial obtained by changing k to 
X in nj(m, k). The well-known Newtonian relation ([4, p. 61) gives 
(A.3) jAj=nlAj_,-nzAj~z+...+(-l)‘~‘n,. 
The assertion is clear for j = 1. Further, we apply (A.3), (A. 1) and Lemma A. 1 
to complete the proof by induction on j. q 
LEMMA A.3. Let q be an integer such that q+ 1 is a prime number. Then 
64) (qYb4A,(m,X)@ Z[Xl. 
PROOF. The assertion (A.4) is clear for q= 1 and we may assume that qz2. 
By Lemmas A.1 and A.2, we derive that 
(A.5) q~1(q!)qb~(~,Aq_l-~2A4~2+~~~+(-l)q--2~q_1A,)~Z[X] 
and 
(A.6) (-1)q-1q-l(q!)qb,71q,Z[X], 
since q + 1 is a prime number. Finally, we combine (A.3) with j = q, (A.$ (A.6) 
and (A.1) to conclude (A.4). 0 
LEMMA A.4. For l<jsm, 
(A.7) ((j+ l)!)b’Bj(m,X)EZIX]. 
PROOF. We write 
7; I,..., 4 ,(X)= 
X(X-l)e..(X-i,-...-i,_,+l) 
i,! . ..i__ J I! 
and 
B. I ,,___, i,~,(m,X)=(Bl(m,X))“...(Bj~,(m,X))’/~’. 
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Then, it follows from (7) that 
(A.8) xBj(m9x)=Aj(m9X)- C 7;,,...,i/~,(X)B;,,,.,,i,~,(m,X) 
where the sum is taken over all j- 1 tuples i,, . . . , ii_ 1 of non-negative integers 
satisfying ii + 2i, + ‘.a + (j - l)$_ 1 =j. By Lemma A.2, the polynomial 
Aj(m,X) has X as a factor. We divide both the sides of (A.8) by X and we 
apply Lemma A.2 and (A. 1) to conclude (A.7) by induction on j. 0 
PROOF OF THEOREM A. Let q > m such that q+ 1 is prime. We put Y= 
(q!)bq, By replacing z by z/Y, it follows from (8) that 
(A.9) (zm+ YB,(m,X)z’+’ + .** + YmB,(m,X))k= kk Y’HjZ”k-‘. 
,=o 
By Lemma A.4 and q>m, we derive that the right hand side of (A.9) is a 
polynomial in z with coefficients in Z[X]. In particular, YqHq E 2 [X] which, 
together with (A.4), implies (A.2). 0 
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